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REFINED ENERGY INEQUALITY WITH APPLICATION TO 
WELL-POSEDNESS FOR THE FOURTH ORDER 
NONLINEAR SCHRODINGER TYPE 
EQUATION ON TORUS 

JUN-ICHI SEGATA 

Abstract. We consider the time local and global well-posedness for the fourth order 
nonlinear Schrodinger type equation (4NLS) on the torus. The nonlinear term of (4NLS) 
. contains the derivatives of unknown function and this prevents us to apply the classical 

energy method. To overcome this difficulty, we introduce the modified energy and derive 
. an a priori estimate for the solution to (4NLS). 

in 

1. Introduction 

We consider the fourth order nonlinear Schrodinger type equation (4NLS) on the torus 
^ ; T = M/2ttZ: 

^ 1 / id t i/; + 8%ifj + vtfj) = Af(ifj, ifi, d x i[>, d x i[), d£if>, d 2 x ip), n ] , 

where dt = d/dt, d x = d/dx, ip : R x T — > C is an unknown function, and <fi : T — > C is a 
given function. The nonlinear term M is given by 

AT^^,...,d 2 x ^,d^) = A 1 |^| 2 ^ + A 2 |^|V + A 3 (^) 2 ^ + A 4 |^| 2 V 

+A 5 ^ 2 ^ + A 6 |^| 2 ^, 

\ where v ^ and Xj, j = 1, ■ ■ • , 6 are real constants. The equation (II. ip arises in the 

■ context of a motion of vortex filament. More precisely, using the localized induction 

approximation, Da Rios j5] proposed some equation which approximates the three di- 
mensional motion of an isolated vortex filament embedded in an inviscid incompressible 
fluid filling an infinite region. The Da Rios equation is reduced to the cubic nonlinear 
Schrodinger equation 
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i^ + ^^—MV, MeKxT (1.2) 



via the Hasimoto transform [10]. To describe the motion of actual vortex filament more 
precisely, some detailed models taking into account the effect from higher order corrections 
of equation have been introduced by Fukumoto-Moffatt [7j. The Fukumoto-Moffatt equa- 
tion is rewritten as (11. ip by using the Hasimoto transform. For the physical background 
of (HH), see Fukumoto-Moffatt [7]. 
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In this paper we consider the time local well-posedness for (11. ip on the Sobolev spaces 
H m (T). Our notion of well-poseness contains the existence and uniqueness of the solution 
and the continuity of the data-to-solution map. We also consider the persistent property 
of the solution, that is, the solution describes a continuous curve in H m (T) whenever 
cf) G H m {T). Our motivation to consider the time local well-posedness for (11. ip is that 
we are interested in the stability of the standing wave solution ip(t,x) = e twt ip w {x) to 
(II. ip . When (11.11) is completely integrable (see the later half of this section below for the 
detail), (II. ip has the sech-type standing wave solution. The orbital stability in H m {R) of 
the sech-type standing wave solution is proved by [20J. On the other hand, we easily see 
that (II .ip has a exact periodic standing wave solution of the form ip(t,x) = Ke tTX+tuJt for 
some real constants k, t and u. It is interesting that the sech-type standing wave and the 
periodic standing wave correspond to the tornado like curve and the helicoid curve in the 
motion of the vortex filament, see Kida [16J . 

As the first step to show the orbital stability of the sech-type and the periodic standing 
wave, we need to prove the global well-posedness for (II. ip in the Sobolev spaces on the real 
line M. and on the torus T, respectively. Concerning the local well-posedness of (II. ip on 
real line R, Segata [231 [231 [22] and Huo- Jia [TU [12] proved that the initial value problem 
of (11.11) is locally well-posed in Sobolev space H S (M.) with s > 1/2 by using the Fourier 
restriction method introduced by Bourgain [3] and Kenig- Ponce- Vega [HI US]. As far as 
we know, there is no result on the well-posedness of (11.11) under the periodic boundary 
condition. 

In this paper we focus on the well-posedness of (II. ip on the torus. There is a large 
literature on the well-posedness for the dispersive equations in the torus. See for in- 
stance jSl EH HSl [21] for the linear dispersive equations and P El IS El EH 1221 1251 EH] for 
the non-linear dispersive equations. We summarize the well-posedness on the derivative 
nonlinear Schrodinger equation with the periodic boundary condition. Tsutsumi-Fukuda 
[26[ [27] proved the local and global well-posedness for the Schrodinger equation with some 
nonlinearity on the torus by using the classical energy method. Griinrock-Herr [8J and 
Herr [10J obtained sharp well-posedness results for some derivative nonlinear Schrodinger 
equation on the torus by using the Fourier restriction method. The well-posedness of the 
Schrodinger equation for more general derivative nonlinearity in the n-dimensional torus 
was given by Chihara [3]. We notice that the classical energy method does not works for 
his setting. In [1] he conquered this problem by using the pseudo-differential operators 
with non-smooth coefficients on the torus. 

As we shall see below, the dispersive equations on the torus do not have fine properties 
compared to the real line case. Therefore the proof of the well-posedness on the torus 
become increasingly harder than the real line case. To state our results more precisely, 
we introduce several notations. Given a function ip on T, we define the Fourier coefficient 
of V, by 
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Let m be a non-negative integer. H m (T) denotes the all tempered distributions on T 
satisfying 

11*? = £("> 2ra W«)| 2 ) 1/2 <+», 

where (n) = yl + n 2 . 

The main result in this paper is the following: 

Theorem 1.1. Let m > 4 be an integer. Then U.l\) is locally well-posed in the following 
sense: For any <fi £ H m (T), there exists a time T = T(||0||#m) > and a unique solution 
if) of ( ti.ij) satisfying 

iff £ C([0,T);H m (R)). 

Moreover, the data-to- solution map H m (T) — > C([0, T}; H m (T))((j) i— )■ ^(t)) continuous. 

The difficulty in the proof of time local well-posedness of (II. ip arises in so called "loss 
of a derivatives" . More precisely, the standard energy estimate gives only the following: 

j t \\9?m\\h x (i.3) 

= 2{2A 3 + A 4 + 2(m - l)A 6 }Im f ^d x ip ■ d™^d™ +1 ipdx 

Jt 

-2A 5 Im I Tp 2 (d™ +1 ^) 2 dx + £.o.t. 
Jt 

Since the first and second terms in the right hand side of (11.31) contain the (m + l)-st 
derivatives of ip, we cannot control those factors in terms of H m norm of ip. Therefore 
this estimate does not give an a priori estimate for the solution. 

For the real line case, the unitary group {e lt ^ dx+ud ^}teM. generated by the linear operator 
idl + iud^ gains extra smoothness in space variable, see Kenig- Ponce- Vega [13]. Thanks to 
this smoothing property for {e lt ( dx+vd *'}tm.i m EH QUI I2H [12] they could overcome a loss 
of derivatives and guarantee the well-posedness of (11. ip on R. However, for the periodic 
case the corresponding unitary group does not have such a fine properties (see e.g., [B]) 
and it is not likely that the contraction mapping principle guarantees the well-posedness 
for (II. ip on T. Since this is the case we abandon making use of the property of the unitary 
group { e «(^+"^)} teR and try to this issue by a different approach. 

Let us return the estimate (ll.3p . If we contrive to eliminate the worst terms, we can 
obtain an a priori estimate of solution. In this paper we take a hint from Kwon [T7] which 
is concerned with the well-posedness for the fifth-order KdV equation on R, we introduce 
the "modified" energy: 

= \\d?m\\h x + \\m\\h+ commit 2 

Ae / (ar Wd* + 2A3 + A4 \ 2{m - 1)Ae / iarVl 2 M a ds, 

where C m is a sufficiently large constant depending only on m so that E m (ip) is positive. 
Thanks to the correction terms we can eliminate the worst factors in ( II. 3p and evaluate 
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the H m norm of the solution if> to (11.11) in terms of the H m norm of the initial data 0. 
This is a crucial point in the proof of Theorem 11.11 

It is known that (11. ip is completely integrable if and only if Ai = —1/2, A2 = —3u/8, A3 = 
—2>vj2, A4 = —v, A5 = —u/2 and A6 = —2v. In this case (ll.ip has infinitely many conser- 
vation quantities, see Langer and Perline [18]. The first three conservation quantities for 
(II. ip are given by 



where Q m are some polynomials in (if), if), ... ,d™ 1 if>,d™ 1 ip) satisfying the inequalities 
\Q m \ < CmM\\?™\\d™'ip\f T 2 for some a m > and < (3 m < 2. Therefore combining 
Theorem ll.l[ the conservation laws I m (ip)(t) = l m (if>)(0) and Young's inequality, we 
obtain the global existence theorem for (II. ip in H m (T): 

Theorem 1.2. Assume Ai = —1/2, A2 = — 3z//8,A3 = — 3u/2, A4 = — v, A5 = — vj2 and 
Xq = —2v. Then U.l\) is globally well-posed in H m (T) with an integer m greater than 3. 

Finally we point out that by combining our proof with the estimates for the fractional 
derivatives we may well be able to extend Theorem 11.11 to the case where m is not an 
integer . In this paper we do not touch on this issue. 

The plan of this paper is as follows. Section 2 is devoted to the parabolic regularization 
associated to (ll.ip . In Section 3, we introduce the modified energy and give an a priori 
estimate for the solution to (ll.ip . Then we shall prove the existence of solution to (ll.ip . 
In Section 4 we give the proofs of the uniqueness and the persistent properties of solution 
to (ll.ip . and the continuous dependence of the solution to (11.11) on the initial data. 



In this section, we consider the parabolic regularization of (ll.ip in H m (T). We first 
give the Gagliardo-Nirenberg inequality for the periodic functions. 

Lemma 2.1. Let I and m be integers satisfying < / < m — 1 and let 2 < p < 00. Then 
there exists a constant C depending only on I, m and p such that for any ip G if m (T) 7 




In general, the conservation quantities for (11.11) are expressed as 




2. Parabolic Regularization 




u\\ir\\ 9 ^\\h + Mli 



(1 < I < m- 1), 
(1 = 0), 
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where a = (I + 1/2 — l/p)/m. Especially, we have HQj^llzg < ^ll^ll^llV'lljy™- 

Proof. See for instance, [22, Section 2}. □ 

Next we consider the parabolic regularization of (11. ip . Let us introduce the regularizing 
sequence used in Bona-Smith [2]. Let ip e C°°(R) be such that < </?(£) < 1 for £ G E, 
(p^(0) = for k E N and tends exponentially to as |£| — >■ oo. We define for 

ee(o,l], 



2?r 

Then, {0 e } e>o G H°°(T) and ||0 — e ||flj> as e -)• 0. Furthermore, for any I > 0, 

U e \\ H ru +l < Ce- z ||0||^, 

||0-0e||ff" < C\\(j)\\ H rn, 

We consider the regularized problem of (11. ip : 

id t ^ e + d 2 J), + (v + ie)^V« = Af(V> e , ^e, ^J, , 9 1 s 

^(O,x) = e (x), 1 • ] 

where ip e : R x T — > C is an unknown function, and <p e : T — > C is a Bona-Smith 
approximation of 0. Concerning the solvability of (12.11) . we have the following lemma. 

Lemma 2.2. Let m > 3 be an integer. For any <p e H m (T), there exists a time T t = 
T(e, ||0||H m ) > and a unique solution ip e of \2. 1\) satisfying 

AEC([0,T e ),H m (T)). 

Proof We shall prove (12.11) by using the Banach fixed point theorem. Let {W e (t)} t > be 
the contraction semi-group generated by the linear operator ic% + ivd^. — ed^.: 



[WeW](x) = 4=E 



2vr 



/■ \ ^inx+(— in 2 +ivn 4 — en 4 )t 



Then, the initial value problem (12. ip is rewritten as the integral equation 
A(t) = W e (t)<f> e ~i f We(t- r)jV(Ve, ■ ■ ■ , dlA, d^ e )(r)dr. 



JO 

We put r = || 0|| //-m. For T > 0, we define 

X r T = {^eC([0,T};H m (T))\ sup ||V(0lk™ < 2r}. 

te[o,T) 

We shall show that the map 

$(V0 = W £ (t)& - i f W e (* - r)jV(^ e , - - - , ^ e )(r)dr 
is a contraction on for choosing T suitably. 
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We easily see that 

IWe)(*)lkr (2.2) 

< H\\b?+ [ \\W e {t-T)M{^3e,---,dl^,d^ e ){r)\\ HT dT. 
Jo 

By Plancherel's identity, we obtain 

\\W e (t - rMi,i, . . • , d 2 x A, d 2 M{r)\\ HT dr 

= f { T,{n) 2m W{^ i>„ . . . , fl^ e )( r , n)e (-» 2 W-^ )(t - r) | 2 | rfr 

= n ^(n) 2m - 4 |AT(^,^, . . . ,^,^)(r,n)| 2 (n) 4 e- 2 - 4 ^)} rfr 
70 Inez J 

< f snp{(n) 2 e- m4 ^}||AT(^,^, . . . , «9 2 ^, d^ e ){r)\\ H ^dr. 

JO n€Z 

Since sup{(n) 2 e- en4( '- r) } < 1 + e~ x l\t - r)" 1 / 2 , 

' ||W e (t - r)jV(^ e , . . .,d 2 x ^d^ e )(r)\\ H r,dr (2.3) 
< C /"*{! + e- 1 / 2 ^ - ^)- 1/2 }l|Ar(^,^ e , ■ • - , 5^ e , ^J(^)ll^ r -^ 



< C (t + e-^H 1 / 2 ) snp ||AT(^,^,...,a 2 ^,^ £ )(t)||^- 2 . 

te[o,T) 

Collecting (Q and Q, we have 

SUp ||$(Ve)(t)||^ 

*G[0,T) 

< ii^ii^ + ^T + e- 1 /^) sup ||AT(^,v; £ ,...,a 2 ^,a 2 ^)(t)||^- 2 . 

te[o,T) 

By Sobolev's embedding, we have 

sup \\jv(ip e , ^ e> ... ,9 2 ^,9 2 v;j(t)ii^ r -2 

*6[0,T) 

< C(l + sup HV(t)H^) sup ||V(t)||! ; 
te[o,T) *e[o,T) 



771 • 



Therefore, 



sup ||$(^)(t)||^ <r + C(T + e- 1 / 2 T 1 / 2 )(l + r 2 )r 3 
te[o,T) 



We can easily check that $(^ e ) e C([0, T); H m (T)). Therefore, by choosing T e > 
sufficiently small so that C(T e + e" 1 / 2 T e 1/2 )(l + r 2 )r 2 < 1 we have tp e e X r T . By a similar 
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way, for G X^, we have 

sup ||$(^)(t)-$(^)(t)||^ 
te[o,T) 

< C(T + e - 1 / 2 T 1 /2)(i +r 2 )r 2 sup H^-^WIIaj. 

te[o,T) 

< SUp --0e(*)l|jSr- 

*e[Q,T) 

Consequently, we have that $ is a contraction on X^. The Banach fixed point theorem 
implies the unique existence of solution to (12. ip in Xj, which completes the proof of 
Lemma [2J3 □ 



3. Modified Energy 

In this section, by using the modified energy, we give an a priori estimates for the 
solution to (12. ip obtained by Lemma 12.21 

Let m > 1 be an integer. We introduce the modified energy: 

= Km\\k+\\m\\k+c m \\m\\^ +2 
Ae [ ( d r i m 2 dx + 2A3 + A4 ± 2(m " 1)Ae [ {arww'dx, 



v L 4u 



T ^ ./ T 



where C m is a sufficiently large constant depending only on m so that E m (ip) is posi- 
tive. This is possible because of the following reason. The Gagliado-Nirenberg inequality 
(Lemma 12. ip implies 

^Re / [d-- i m 2 dx + 2A3+A4+ / (m " 1)As / iflrvnvf 

> -iiiwwii^ - |nv»(*)iii2 - D m \m)\\^; 2 

with some positive constant D m depending only on u, A3, A4, A5, A6 and m. Hence we 
obtain 

[EmWKt) > l\\dN(t)\\h + + (c m - D m )\m)\\ti +2 - 

Choosing C m so large that C m > D m , we have [E m (ip)](t) > 0. We notice that 

1 

2 



hp < [Eumt) < c(\m)\\% + (3.1) 



Lemma 3.1. Letip e G C([0, T e ), H m (T)) be a solution to A2.1\) . Then, there exists positive 
constants C and T = T(||0||#m) which are independent of e such that 



\ HT <c{T,\\4>\\ Ll )\\4>\\ H ^ 

for any t G [0, T). 
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Proof. We first evaluate [E m (ip)](t) . Applying the m-th derivative the both sides of (12.11) . 
taking the inner product of the resultant equation with d^ip, and adding the complex 
conjugation of the produce, we obtain 



d_ 

di 



\\d™m\\h+ndr 2 Mt)\\h 



(3.2) 



21m / d^Af(^^...,d 2 x A,d 2 Md^ e dx. 
It 



Using the Leibniz rule, we obtain 



= {(2A 3 + m\ 6 )ip t d x ip e + (A 4 + mA 6 )^a^J^ + Ve 

+(A 4 + 2m\^ e d x ^d x n+1 ^ e + A 6 |^| 2 <9™ +2 ^ + A 5 ?/>X m+2 ^ 
+P 1 (A,A,---,d™ipe,d^ e ), 



(3.3) 



where Pi is a linear combination of the cubic terms d x 1 ifj t d x 2 ilJ e d x 3 ilj t with ji +J2+J3 = m, 
the cubic terms d x 1 ip e d x 2, ip e d x 3 ipt with ji + j 2 + j$ = m + 2 and ji + j 2 + J3 < m, and the 
quintic terms d x 1 ip e d x 2 ip e d x 3 ip e d x 4 il> e d x 6 il> e with jx + j 2 +J3 = m - Hence the Holder 

and Gagliardo-Nirenberg (Lemma 12. ip inequalities imply 



\ p iU 

< c(n^iigr 1)/m i 



(3.4) 



+ 



') ||( 2 2 m_3 )/ m | 



I 11 (m+l)/m , 

re H m 

X 

1 ||(m+3)/m\ 



Ij ||(4m-2)/m| 



; |i(m+2)/m 



< C[E m (A)}(t) 3/2 . 



In the last inequality we used the inequalities 



WWn < [EUmtT for any ^-L-^ < a < ± 
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Substituting (13. 3p and (13.41) into (13. 2p . we have 

j t \Km\\h+2epT +2 m\\h 



2(2A 3 + mA 6 )Im / ^^^V^ 
./ 

+2(A 4 + mA 6 )Im / ^d^d^d^+^dx 
Jt 

+2(A 4 + 2mA 5 )Im / ^ e d x ^ t d^ t d^ +1 ^ e dx 



T 



+2A 6 Im / \ij; e \ 2 d™il> e d™ +2 il; e dx + 2A 5 Im / ^d™i) e d™ +2 ij; e dx 
Jt Jt 

+2Im / P 1 (^ e ,...,d^ £ ,d^ e )d^ e dx 
Jt 

EE /X+/2 + /3 + /4 + /5 + /6- 

The inequality (I3.4p and the Schwarz inequality imply 

141 < IIPiIUiII^IUi <^[E m (^)](t) 2 . 

An integration by parts yields 

|/s| <C[E m (^)](t) 2 . 
We can express I2, I a and -Z5 in terms of ii by using an integration by parts: 

I 2 = 2(A 4 + mA 6 )Im / ^ e d x ^ e d^ e d^ +1 ^ t dx 

Jt 

+R 1 (^ e ,...,d^ e ,d^ e ), 

J 4 = -4A 6 Im / iJ t d x ip e d^ e d^ +1 ip e dx 
Jt 

+R 2 {^ e ,...,d^ e ,d^ e ), 

h = -2A 5 Im f ^(d^fdx 
Jt 

+R 3 (^ e ,...,d^ e ,d^ e ), 

where Ri, R2 and R 3 satisfy 

{Rxl + lRzl + lRsl <C[E m (^ e )}(t) 2 . 
Substituting above equations into (13. 5p . we have 

j t \\dTA(t)\\h x +2e\\dr 2 m\\k 

= 2{2A 3 + A 4 + 2(m - l)A 6 }Im I ^ e d x Tp £ ■ d^ e d^ +1 ^ e dx 

Jt 

-2A 5 Im / ^(d^fdx + R 4 (A^...,d^ e} d^ e ) } 
Jt 
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where R4 satisfies 

\Ra\ <C{E m (A)](t) 2 . 
On the other hand, from the equation (11.11) . we have 



^Re l^rVe) 2 ^ 

= 2Re I d^-^Ad™' 1 ^ ■ i? e dx + 2Re I (d^^f^A^edx 
J • J 

= -2eRe f d^^d^A ■ ~^\dx - 21m / <9™" V, • V^x 

-2z/Im / V e ^+Ve • ^ 

+2Im / ft,---, flgV-e, " ^ 

Jt 

-2eRe / {d^- l ^ t f^ e d^ e dx + 21m / (cT" 1 ^) 2 ^ ■ <^ e <ta 
jt Jt 

Jt 

-21m / (AST V«)¥ e • We, • • • , dlA, Bffijdz 
Jt 

= I 7 + I 8 + I 9 + I w + hi + In + ha + iu- 



An integration by parts yields 



h = -2eRe / {d™ +l ip e ) 2 ip]dx 
Jt 

h = -2z/Im I {d^ +1 ip e ) 2 ^ 2 e dx 
Jt 



where R$ and Rq satisfy 
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Integrating by parts, we also obtain 



'■12 



< 


c\m { ir 1),m m 

X 


i(2m+l)/m 


< 


C[E m (AW) 2 , 




< 


CUe\\fr 3)/m Ue\ 

^X 


i(2m+3)/m 

X 


< 


C[E m (A)](t) 2 , 




< 


c{\mii\mi^ + \mtr 






1 (2m+2)/mx 




\H? ) 


< 


C[E m (A)W. 





Substituting above equations into (13. 7p . we have 

: Re / (arVe) 2 S^ 

Jt 



d_ 

dt 



-2vlm I {d™ +1 ip e ) 2 ^ldx + 2eRe / {d™ +1 ip e ) 2 i? e dx 
Jt Jt 

+R 7 (^ e ,...,d^d^ e ), 



where R 7 satisfies 

\R 7 \ <C[E m (A)](t) 2 . 
By an argument similar to (I3.8p . we obtain 



-Bvlm [ i) e d x i) e -d™i) e d™ +l i) t dx-2t [ \d™ +1 ^ e \ 2 \ij; e \ 2 dx 
Jt Jt 

+R 8 (^ e ,...,d^ e ,d^ e ), 



where R 8 satisfies 

\Rs\ < C[E m (A)}(t) 2 

Finally, we obtain 
d 



<C[E m (A)](t) 2 . 



(U \\m\\7i + 2 + 2(2m + l)e\\Mt)\\ti\\diMt)\\k 
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Collecting (1377)1 . (1378)) . ([379]), and (13710]) . we have 



^E m (t) + 2e||ar + Ve(t)lll i + 2(2m + l)e||&(f)||g II^WUli (3.11) 
" A5 -eRe / {d^^dx 



2A 3 + A 4 + 2(m-l)A 6 ^ / , 



\d™ +1 ili e \ 2 \iP £ \ A dx. 



2u 

where Rg satisfies 

\R 9 \<C[E m (^e)](t) 2 . 

Since the sum of the first and second terms in the right hand side of (13. lip are bounded 
by e\\d™ +2 i> e \\ 2 L 2 + C[E m (tp e )](t) 2 \ we obtain 



-[EUAW) + c||^rV e (*)llL + 2(2m + l)e||^(t)||Sll^ e (*)lli2 



d 
dt 

< C[E m (A)](t) 2 - 

Therefore 

j t [E m (A)}(t) < C[E m (^e)}(t) 2 . 

We note that the constant C is independent of e G (0, 1]. From the above inequality we 
have 

if m\ < lE^M 
[EM ' m £ i-CtiEMuWY 

for < t < mm{T t ,C~ 1 {E m (-ip € )](0)~ 1 }. Combing this inequality, ||0 e ||//m < for 
any e G (0, 1] and (13.11) . we see 

"^-1-^(11^+1)11^' 

for 0<t <min{T e ,C- 1 (||0||lf + 1)- 1 ||0||4}. Let T = (2C)-\\W% + l^WWjL. 
Then for any < t < min{T e , T}, we have 

||^lfc<2C7(|H|g + l)|Hfc. 



If T e < T, we can apply Lemma 12721 to extend the solution in the same class to the interval 
[0, T). Therefore we obtain the desired result. □ 

Using Lemma [3. II we obtain the existence of the solution to (II. lft : 

Lemma 3.2. Let m > 4 be an integer. For any <p G H m (T), there exists a time T = 
T(\\<p\\Hm) > and a solution ip of U.l}) satisfying 

i) G L°°([0,T);H r ' 
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Proof. Let G H m (T) and let {4> e }e C H°°(T) be a Bona-Smith approximation of 0. Then 
by Lemma [2.21 there exists a unique solution ip e G C([0, T e ); i? m (T)) to (12. ip . Lemma 1370 
yields that there exists T = T(\\<f>\\ffm) > which is independent of e such that {4>e}t is 
uniformly bounded in L°°(0,T; H m (T)) with respect to e G (0, 1]. By a standard limiting 
argument, it is inferred that a subsequence of ip e convergence in L°°(0, T; H m (T)) weak* 
to a solution if> of ([HP such that ^ e G L°°(0, T; # m (T)). We omit the detail. □ 



In the preceding sections, we proved the existence of the solution to fll.ip . In this 
section, we complete the proof of Theorem 11.11 by showing the following three assertions 

(i) uniqueness of the solution 

(ii) persistent properties of the solution 

(iii) continuous dependence of the solution upon initial data 

4.1. Uniqueness. Let ipi and ip2 be two solutions to (11.11) with same initial data satisfying 
sup tg [ 0jT ) 11^(^)11^™ < 00 j 3 — 1)2. We shall show that ipi = ip2 for t G [0, T). To prove 
this, it suffices to show that if) = ip2 — i>i satisfies ||'0(*)||fl' 1 = because this identity 
and if)(0) = implies if> = 0. The reason we prove \\if>(t) ll-ff 1 = instead of driving 
HVKOIU 2 = is that the corresponding modified energy for I? involves the anti-derivatives 
of if). 

The standard energy estimate yields 



4. Proof of Theorem 11.11 



d_ 

dt 



(4.1) 



2Im / {N(4> + if; 1 ,if) + if) 1 ,...,d 2 x if) + d 2 x if) u d 2 x if) + 



-M{^ 1 ,...,dl^dl^ 1 )}^dx 



d 
dt 



(4.2) 



= 21m / d x {M(if; + if; 1 ,if) + if) 1 ,..., d^ + d^d^ + d 2 ^) 



-/V(if) 1 ,if; 1 ,...,d 2 x if; 1 ,d 2 x i{; 1 )}d x if)dx 



= 2(2A 3 + A 4 )Im / QcV'iV'i • d 2 x if)d x ijjdx - 2A 5 Im / ifj 2 {d 2 x if)) 2 dx 




where Rio satisfies 



Rial < c(\\Mh + WMm + + \\H\m)U\\ 2 m - 
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On the other hand, a direct calculation yields 



2A 3 + A 4 d 



\W\wdx (4.3) 



Av dt 

= -2(2A 3 + A 4 )Im / d x ip 1 ip 1 ■ d'xipd x ipdx 



1% 

T 

+R u (ij 1 ,^ 1 , <9^i, V 2 ,? 2; • • > #^2, ^ 2 ). 



^il R e / ^) 2 dx (4.4) 



v dt 

2A 5 Im / ^{{p^fdx 



T 

3„l, n37T „/, "777 o3„/, o3" 



+^12(^1, • • • , §^1, d^ifa, i> 2 , ■ ■ ■ , d x ip2, d x i> 2 ), 
where i?n and i?i 2 satisfy 

|i?n| + \Ru\ < C(\\^\\h + 11^11^3 + \\H\m + II^HSg)ll^llli- 

Here we set 

mmt) = \\d*m\\u+ci\\m\\h. 

2A 3 + A 4 f 2 ,,2, . A 5 [ 2 — 2 



+ V / W M Re / iptW dx, 

4z/ ./t 



T 



where C*i is a sufficiently large constant depending only on m, sup te r 0T \ H^iCt) H^ri and 

su Pte[o,r) ||V^(*)||flJ so tnat ^iC0) is positive. Then, from fjlTTj) . (T42D, (T43D and ( fOj) . we 
obtain 

Hence Gronwall's lemma yields 

[mW) < [EiWme ct - (4.5) 

Since [E m (ip)}(0) = 0, Gronwall's lemma yields [Ei(i/;)](t) = 0. Combination of this 
identity and the equality < HV^II-ffi < [-E'iWKA) implies ip = 0, which completes the 
proof of the uniqueness. 

4.2. Persistence of solution. To prove the persistent property of the solution to fll.ll) 
which is obtained by Lemma 13.21 we employ the Bona-Smith approximation. We denote 
(f) e the Bona-Smith approximation of </>. 

Lemma 4.1. Let <p 6 H m {T) with m > 3 and let ip a , ip e denote the solution to U.l\) corre- 
sponding to the initial data 4> a and 4> t , respectively. Then there exists C = C(T, \\</>\\h™) > 
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such that for < a < e < 1, 

sup - MVWb? (4-6) 

te[o,T) 



< c(e m - 3 + ||0-0 a ||^ + 



Proof. We put ip = — ip e . We first evaluate ||^(£)||#i. Replacing if) = ip 1 — ip 2 by 
■0 = ~ 4>t i n (14.51) , we have 

< [^i(0)](O)e CT , (4.7) 

for £ e [0,7"), where 

[JBiWKO = IIW)ll^ + ^ill^)llia 

2A 3 + A 4 f 2 2 A 5 [ 



C\ is a sufficiently large constant depending only on m, sup te j T ) 11^(^)11^0 so that Ei(ip) 
is positive and C in ( 14. 7p depends only on sup te j T ) 11^(0 1| h%- Since 



\ 2 Hl < [EkM)®, ( 4 -8) 

[EiiMo) < cu a -<p t \\l i <c(U-<p a \\ 2 m + U-M%) (4-9) 

< C(u 2{m ^ + e 2 ^" 1 )) < Ce 2{m - l \ 
the inequalities (14. 7p . (14. 8 p and (I4.13P lead to the inequality 

\m)\\Hi<Ce m -\ (4.10) 
Next, we evaluate ||^(t)||ifm. By an argument similar to (13. 2p . 

j t Km\\h x (4-ii) 

= 2im / d™{M(i) + v e , ? + ? e , - - - , + £p + a^j 

Jr 

-M^ e , . . . , ^)}^x. 

Using the Leibniz rule, we have 

d£{Mty + ^ + ^ e ,..., d 2 ^ + C^ e , d 2 Jl + d^ t ) _ (4.12) 

-AT(^,^._^,^)} 
= {(2A 3 + m\ 6 )ij a d x ^ Q + (A 4 + m\ e )ij a d x ij a }d™ +1 ij 
+ (X 4 + 2m\ 5 )ij a d x ij a d^ 



1 By the inequality ||(/> e ||^m < ||</>||_H- m and Lemma EOl we can choose C\ independently of a. 
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and 



= {(2A 3 + mXeMM + d x M) + (A 4 + + a^R m+ Ve 

+(A 4 + 2m\ 5 ){i/> a d x i/> + 8^)8™+^ 

+\Sai> + ^?R m+2 ^ + + ^)d™ +2 i> e 
+P 3 ^ a ,...,d^ a ^...,d^ £ ), 



Ps\\li < ^11^11^ + 11^11^ + W 2 h» + 11^11^)11^11^ (4.13) 

< cu\\ HT . 



Combining the inequalities (14. 10p and ( 14. 1 3|) and HV^II/^ 2 < Ce 2 \\iP\\h™, we have 



< ^(ll^lkx + II^MIIV'ell^+Hl^llHi+Wlk- 

< L7e m - 3 + L7||^||^. 



where P3 satisfies 



The identity (14.12p and a standard energy estimate yield 



T A\d™m\\k 



(4.14) 




where R13 satisfies 




(4.15) 



-2{2A 3 + A 4 + 2(m - l)A 6 }Im / d^^+^d^dx 



and 




(4.16) 



+Pl5(V , a,^ l 

where i?i 4 and -R15 satisfy 



Ru\ + \Ris\<CU\\l 
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+ 2A3 + A4+ 4 ' (m " 1)A6 / T l^| 2 |^"V| 2 ^ (4.17) 

+ -He / C(<?rW^} < C||V||^ + Ce m ~\ 
v Jt 

Here we set 

[EmWKt) = [ \d^\ 2 dx + C m [ \^\ 2 dx 
Jt Jt 

Jt Jt 

where C m is a sufficiently large constant depending only on m, sup tG r 0T ) H^COH-H? so that 
E m (ip) is positive. Then the inequality (I4.17p is expressed in terms of E m : 

j t [E m (mt)<C[E m (mt) + Ce m -\ 

Therefore Gronwall's lemma leads to the inequality 

[EM)]{t) < C([E m ^)](0) + e m ~ 3 )e CT . 
Therefore we have (14. 6p which completes Lemma [4. 1[ □ 

Let us prove the persistent property of the solution to (11. ip . Let (f> G H m (Y) and 
{4>e}e>o C H°°(T) be a Bona-Smith approximation of <fi. Lemma 13.21 yields there exists 
T = T( || <p e || gm) and a unique solution ip e (t) G L°°(0.T: H°°(T)) to IJTIjl . Since < 
||0||jjm, we can choose T independently of e. By Lemma fl~T| {t(j t {t)} e is Cauchy sequence 
in C{0,T;H m {T)). Consequently we see that <f> G C{0,T; H m (T)). This gauarantees the 
persistent property of the solution in Theorem 11.11 

4.3. Continuity of data-to-solution map. As the final step of the proof of Theorem 
UTTj we prove that the data-to-solution map S t : H m (T) -»■ C([0, T); H m (T)) (<p ^ ^(*)) 
associated to (II. ip is continuous. To this end, we shall prove the following: Let <fi G 
H m (T). For any 77 > there exists 5 > such that if G H m (T) satisfies 

\\<f>-4>\\ H ™ < s, 

then 

SUp \\S t ((j)) - S t {4>)\\Hp < V- 
*G[0,T) 
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Let {0 e } e>o and {0 e } e >o be the Bona-Smith approximations of and 0, respectively. By 
the triangle inequality, we have 

SUP \\S t {<f>) -S t (4>)\\ H rn (4.18) 

te[o,T) 

< SUp \\S t (4>) - St{4>e)\\H^ + SUp \\St(4> e ) - St{(t)e)\\H™ 

te[o,T) te[o,T) 



+ sup \\S t ((f) e ) - StwiWu-r- 
te[o,T) 



Letting a tend to in (]4.6j) . we have 

sup \\S t {<j>) - SMWh? < C(e m - 3 +||0-0j^), (4.19) 
te[Q,T) 

sup ||S , t A)-S , t (0)|| fl j» < C(e m - 3 +||0-0j^). (4.20) 
te[o,T) 

By a similar argument as the derivation of (14.61) . we obtain 

sup \\S t {<f> e ) - S t $ e )\\H2> < C(e m ~ 3 + \\<p e -4> e \\ H rn). 
te[o,T) 

Combining the above inequality with the triangle inequality 

||0e ~ 0e||if™ < ||06 - 0||ff™ + ||0 - 0||fljf + ||0 ~ 0e||^, 

we have 

sup ||^(0 e )-^(0 e )|U r (4.21) 
te[o,T) 

< C(e^ 3 + ||0 e - 0||^ + ||0 - 0||ff»n + ||0 - e || ff »n. 

Substituting (147T9D . fl4T20]) and (OTj) into fl47T8l) . we obtain 

sup ||^(0) -^(0)11^ (4.22) 
te[o,T) 



< C(e m ~ 3 + 



We first choose 5 > so that C<5 < 77/4. Since e — > and e — )■ in i7 m as e — )■ 0, there 
exists e > such that for < e < e , 

<f>e\\H™ < 4, ||0-0 e || if m < -. 

Further choosing eo sufficiently small so that Ce™~ 3 < ^/4, we have that if e i7 m (T) 
satisfies ||0 — 0||/rj» < then taking < e < eo in (I4.22p . we have 

sup ||S t (0) - 5,(0)||^ <J + J + J + J = V- 
te[0,T) 4 4 4 4 

The proof of Theorem 11.11 is now complete. 

Acknowledgments. The authors would like to thank Dr. Masaya Maeda for fruitful 

comments. 
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